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Abstract

In this article, we attempt to solve the Camassa—Holm equation using extended trial equation
method (ETEM). The validity and applicability of the method are operated for two different
cases of the relationship equation obtained as a result of balance principle. Finally, we obtain
single kink and hyperbolic function solution of the problem.
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1 Introduction

Scientific modeling of nonlinear phenomena in the real world is quite common. Nonlinear partial
differential equations (NPDESs) representing a variety of mathematical models in real-life applica-
tions arise in many different fields, such as fluids and quantum mechanics, ecology, physical systems,
thermodynamics, chemistry, engineering, mathematics, and biology, etc. It is crucial important to
make a decison of which strategy should be adopted to analyze the behaviour of equation. The
solution of these equations can include some obstacles such as irregularity or uniqueness. Within
this framework, associated with our work, we briefly give some numerical methods such as G'/G-
expansion method [20], homotopy analysis method [7], finite difference methods [17], finite element
method [13], multiple exp-function method [14], homotopy perturbation method [16], sub-ODE
method [18], variational iteration method [8], modified extended tanh—function method [10], spec-
tral collocation and waveform relaxation methods [12], Exp-Function Method [15], the extended
F-expansion method [1], and Laguerre Pseudospectral method [19].

The propose of this paper is to investigate hyperbolic function and single kink solution of
Camassa—Holm equation by employing ETEM. This method has often been used by many authors
in a variety of differential equations. For example, Gebreel [11] get some different kinds of exact
solutions to nonlinear coupled Schrodinger—-Boussinesq equations. Ekici et al. [9] use the present
method and G’/G-expansion to obtain solitons of the Kundu-Eckhaus equation. Recently, Biswas
et al. [2, 3, 4, 5] obtain optical solitons by carrying out ETEM to some different model problems.

This paper is arranged as follows. In Section 2, we introduce ETEM for a given general NPDEs.
In Section 3, we apply proposed method to Camassa-Holm equation. Finally, the conclusion is
drawn in Section 4.

2 Extended trial equation method

In this section, we define the ETEM based on a general nonlinear partial differential equation.

Thbilisi Mathematical Journal Special Issue (8 - 2021), pp. 33-38.
Thbilisi Centre for Mathematical Sciences.

Received by the editors: 21 May 2020.
Accepted for publication: 28 December 2020.



34 M. F. Karaaslan, M. Kurulay

Step 1. Consider a nonlinear PDE as follows

P(Y, Yt: Yo Yoz, Yt o) = 0. (2.1)

Firstly, we employ the following general wave transformation formula

y(:v, t) = 9(77)7 n=2x—wt, (2'2)
where w # 0. Thus, the following nonlinear ODE is constructed by substituting (2.2) into (2.1)
N(y,y',y",...) =0. (2.3)

Step 2. Secondly, we describe the trial equation as

)

y= E Tjﬁj, (2.4)
=0
where B() ¢ ; ¢ :
n2 __ _ K o R + ... +aRkR+ 0
(r") _A()_‘I’(H)_Ceﬁe+...+cm+co' (2.5)

Taking into consideration (2.4) and (2.5), we obtain

(y’)2 _ ®(x) ijﬁlfj*l ’ (2.6)
=0

V(x)

§

®' (k) (K (k)

y' = () (231,2 E iRt ") > G- D2, (2.7)
j=0

where ®(x) and ¥ (k) are two polynomials. Substituting (2.4), (2.6), and (2.7) into (2.3), we provide
a polynomial equation (k) of k as follows

Q(k) = usk® + . . . +p16+ o = 0. (2.8)

We then find a relationship between the unknown basic parameters 6, €, and § by employing
balance principle.
Step 3. Consider the coefficients of (k) are equal to zero. We take a systems of algebraic equations
as follows

wi=0,5=0,...,s. (2.9)

By solving (2.9), we obtain the values of &y, . . ., &; (o, - - . , (e ,and 7o, . . . , Ts.
Step 4. Simplify (2.5) to the integral form, we get
/ (%) (2.10)
(k)

Implementing a complete discrimination systems of polynomial to categorize the roots of ®(x) and
solving (2.10), we obtain the exact solutions to nonlinear PDE.

+(n — o)
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3 Implementing of ETEM to Camassa-Holm equation

In this section, we consider the generalized nonlinear Camassa—Holm equation as follows:

Yt + 2kYs — Yozt + (b + 1)yyx = 0YaYue + YWaza, (3~1)

where, for b = 2, the function y(z,t) is defined as the fluid velocity for x € R, ¢t > 0, and k > 0.
Equation (3.1) is defined as a model for determining shallow water gravity waves with higher order
dispersion [6]. It also has the conservation laws and can be integrable. If we choose k = 0, then the
Camassa-Holm equation reach the peakon solutions that has solitons with a sharp and discontinuity
peak in wave slope. Now, we will apply ETEM to solve Camassa-Holm equation a step by step
approach.

At first, we take the transformation

y(x,t) =yn), n=x—wt,

where w is considered as an arbitrary constant. Integrating the resulting equation for n and con-
stituting the integration constant to zero, we obtain the following nonlinear ODE

N2
(—w+y)y" + % — (~w + 2k)y — 3% =0. (3:2)

Substituting (2.4), (2.6) and (2.7) into (3.2) and using the balance principle for the algebraic
equation, we find the relationship as
0 =€ +2.

Case 1. Choosing €=0, § =2 and § = 1, we deduce
()? = 712 (&2k2 + &6 + &)
Co ’
3.3
y// _ 7-1(252’% + 51) ( )
2o ’

where & # 0 and ¢y # 0. By solving the system of equations (2.9), we get

_ &m0 — &omi _ 26(k+10) B
w——(TO+T£2)a 51—7_717 Go = &, (3.4)

§o =&, §2=E&2, To=T0, T1 =TI

Putting (3.4) into (2.5) and (2.10), we obtain

+(n—mo) = W/\/%, (3.5)

where
2, &1 o Co 3.6
Alk) = k" + gn + & W = &' (3.6)



36 M. F. Karaaslan, M. Kurulay

Consequently, we write (3.5) as follows

Co dk dr
+(n—mno) = \/ &) 2.6, .6 = 2htre) & (3.7)
2 K2+ okt 2 \/n2+7ﬁ”m+£

Integrating (3.7), we obtain the solutions to (3.1) as follows

£ (n—mno) =In|r —a]

3.8
£ (n—mno) =2In|vk — o1 + VK — azg, (3.8)
where a; and ay are the roots of A(k). Substituting the solutions (3.8) into (2.2), we get
ga70%—¢gT
y1(z,t) =710+ 7 (€($+(TO+%5201V*770) + o),
ya(z,t) = 10 + T1((e(x+(70+%m)t—%) (3.9)

€792 —EgTy
o — ag)?e” TG T 90+ an))(4) 7

If we take ng = ag = 0 and a3 = 1, then we rewrite the solutions (3.9) as single kink solution and
the hyperbolic function solution, respectively, as follows

v (z,t) =70 + Tl(e(a:JrAlt) + 1),
1 (3.10)
yo(z,t) =10 + Tli(cosh(x + Ait) + 1),

where A1 = 19 + 527021% and the inverse width of solitons is 1.
Case 2. Now choosing €= 0, # =2 and § = 2, we get
(11 + 2m28)* (E25% + 15 + &)

w0 ’ (3.11)
Yy = 47'2(52&2 + &K+ &)+ (11 + 27m2K) (28K + &)

2¢o ’

where &3 # 0, (o # 0. By solving the systems of algebraic equation (2.9), we obtain

Y = To + T1k + ToK?, (3/)2 =

52T1

=%, &1 = P & = &2, (o = 462,

7'12 — 8kTo —64k2722+714
T8, AT TS T W= o e

(3.12)
0= 8’7’2

Substituting these results into (2.5), we have

dk

drk
i(n*no):w@/—:2/—~ (3.13)
&2 /12—&—%&—1-% 1//{2—%%&—#%
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Integrating (3.13), we obtain the solutions to (3.1) as follows

+(n—mno) =2In|k —ay],

(3.14)
+(n—mno) =4ln|vVE — o1 + VK —az|,
where a; and as are the roots of A(k). Substituting the solutions (3.14) into (2.2), we get
1(p_ =04k2ro2 4ty 1(p_ =64k27o2 4t 2
ys(@,t) = o+ (e T im0 gy oy (20T k) )
1(p_ =64k27o2 4t _1(p_ =6akZro?4mt, B
ya(x,t) = 70 + 7'1((62( e m)—l—(m —ay)’e 2 iz ) 2(ar + a2))(4)7)
1, —64k27p24m 4, Cl(pe —64k2rp2 4t _ 2
+T2((62( 128k, n0)+(a1 —Ozz)ze 2( iZskr? t0) +2(a —1—042))(4)71) .
(3.15)
For simplicity, 7o = as = 0 and a; = 1, then we rewrite the solutions (3.15) as
o j
1 .
y3($7 t) = ZTj (ei(mfAzt) + 1) ,
§=0
- (3.16)
2 1 K
ya(z,t) = Tj (4 (cosh [(x — Agt)] + 1)) ,
=0

—64k% 1% 47t

where Ay = 158ka? and the inverse width of solitons is %

4 Conclusion

In this work, we obtain the hyperpolic function and single kink solution of the Camassa-Holm
equation using the ETEM. The performance of method provide a remarkable and impressive result
for the problem under consideration. Consequently, we observe that ETEM contains an effective
algorithm and powerful solution for the model problem.

References

[1] M. A. Abdou, The extended F-expansion method and its application for a class of nonlinear
evolution equations, Chaos, Solitons and Fractals 31 (1) (2007) 95-104.

[2] A. Biswas, et al., Dispersive optical solitons with differential group delay by extended trial
equation method, Optik 158 (2018) 790-798.

[3] A. Biswas, et al., Optical soliton perturbation for Gerdjikov—Ivanov equation by extended trial
equation method, Optik 157 (2018) 747-752.

[4] A. Biswas, et al., Chirped optical solitons of Chen—Lee—Liu equation by extended trial equation
scheme, Optik 156 (2018) 999-1006.

[5] A. Biswas, et al., Optical solitons in birefringent fibers with weak non-local nonlinearity and
four-wave mizing by extended trial equation method, Optik 166 (2018) 285-293.



38
(6]

[7]

[10]

[11]

[12]

M. F. Karaaslan, M. Kurulay

R. Camassa and D. D. Holm, An integrable shallow water equation with peaked solitons, Phys-
ical Review Letters 71 (11) (1993) 1661.

M. Dehghan, J. Manafian, and A. Saadatmandi, Solving nonlinear fractional partial differential
equations using the homotopy analysis method, Numerical Methods for Partial Differential
Equations: An International Journal 26 (2) (2010) 448-479.

M. Dehghan and F. Shakeri, Approximate solution of a differential equation arising in astro-
physics using the variational iteration method, New Astronomy 13 (1) (2008) 53-59.

M. Ekici, et al., Dark and singular optical solitons with Kundu-FEckhaus equation by extended
trial equation method and extended G'/G -expansion scheme, Optik-International Journal for
Light and Electron Optics 127 (22) (2016) 10490-10497.

S. A. EI-Wakil and M. A. Abdou, Modified extended tanh-function method for solving nonlinear
partial differential equations, Chaos, Solitons and Fractals 31 (5) (2007) 1256-1264.

K. A. Gepreel, Extended trial equation method for nonlinear coupled Schrodinger Boussinesq
partial differential equations, Journal of the Egyptian Mathematical Society 24 (3) (2016)
381-391.

Z. Jackiewicz and B. Zubik-Kowal, Spectral collocation and waveform relaxation methods for
nonlinear delay partial differential equations, Applied Numerical Mathematics 56 (3-4) (2006)
433-443.

C. Johnson, Numerical solution of partial differential equations by the finite element method,
Courier Corporation 2012 (2012).

W. X. Ma, T. Huang, and Y. Zhang, A multiple exp-function method for nonlinear differential
equations and its application, Physica Scripta 82 (6) (2010) 065003.

H. Naher, F. A. Abdullah, and M. A. Akbar, New traveling wave solutions of the higher dimen-
sional nonlinear partial differential equation by the Exp-function method, Journal of Applied
Mathematics 2012 (2012).

N. H. Sweilam and M. M. Khader, Ezact solutions of some coupled nonlinear partial differ-
ential equations using the homotopy perturbation method, Computers and Mathematics with
Applications 58 (11-12) (2009) 2134-2141.

J. W. Thomas, Numerical partial differential equations: finite difference methods, Springer
Science and Business Media 22 (2013).

H. Triki and A. M. Wazwaz, Sub-ODFE method and soliton solutions for the variable-coefficient
mKdV equation, Applied Mathematics and Computation 214 (2) (2009) 370-373.

C. L. Xu and B. Y. Guo, Laguerre pseudospectral method for nonlinear partial differential
equations, Journal of Computational Mathematics (2002) 413-428.

E. M. Zayed and K. A. Gepreel, The G'/G-expansion method for finding traveling wave solu-
tions of nonlinear partial differential equations in mathematical physics, Journal of Mathemat-
ical Physics 50 (1) (2009) 013502.



